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Abstract
In this note we prove the exponential decay of solutions of the equations of motion of a mixture of two linear
isotropic one-dimensional elastic materials when the diffusive force is a function which depends on the point and
can be localized. That means that the diffusive function can be zero in a part of the domain, but the coefficient that
multiplies the relative velocity is always non-negative and the measure of the support is positive.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In recent years some continuous theories of mixtures have been studied. The origin of the modern
formulations of continuum thermomechanics theories of mixtures goes back to papers of Truesdell and
Toupin [1], Kelly [2], Green and Naghdi [3,4] and Bowen and Wiese [5].
In the theories for a mixture of elastic solids presented in Bowen [6], Green and Steel [7] and Steel [8],
the independent constitutive variables are the displacement gradients and the relative velocity, and the
spatial description is used. In this paper we consider a one-dimensional mixture of linear and isotropic
elastic materials where the diffusive force can be localized in the sense that the diffusive function can be
zero in a part of the domain, but the coefficient that multiplies the relative velocity is always non-negative
and the measure of the support is positive.
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A topic which has deserved much interest is the determination of the dissipative mechanism that
determines exponential stability [9–13]. In particular many studies have been developed when the
dissipative mechanism is localized to a proper sub-domain of the domain under consideration [14].
Here, we study a situation of this kind. We consider a one-dimensional mixture when the diffusive force
can be localized to a sub-domain. We prove that when there is no supply terms the solutions decay
exponentially. In this sense it is worth recalling the results of Dafermos [15] concerning the asymptotic
behavior for a mixture. It is worth noting that these results are obtained by means of the use of several
functional arguments concerning dissipative semigroups.
The plan of the paper is the following. In Section 2, we recall the equations that govern the problem.
By means of the semigroup of linear operators theory we obtain a result of existence, uniqueness of
solutions in Section 3. The exponential decay of solutions is showed in Section 4.
2. Basic equations
In this paper we deal with the theory of elastic mixtures. We will consider a mixture consisting of
two interacting continua s1, s2. We assume that at time t0 the body occupies the interval [0, π ]. The
configuration of the body at time t0 is taken as reference configuration. The displacements of the particles
of the continua s1, s2 at time t are u and w respectively.
In this theory the basic equations are
α1uxx + β1wxx − ξ∗(u˙ − w˙) = ρ01 u¨, (2.1)
β1uxx + γ1wxx + ξ∗(u˙ − w˙) = ρ02w¨. (2.2)
Here α1, β1 and γ1 are real constants, ρ0i , (i = 1, 2) are the mass density of each continua which are
assumed positive constants and ξ∗ is assumed a function of the point.
Though other boundary conditions could be proposed, we restrict our attention to the Dirichlet
homogenous boundary conditions
u = w = 0, x = 0, π. (2.3)
We also assume the initial conditions
u(x, 0) = u0(x), u˙(x, 0) = v0(x), w(x, 0) = w0(x), w˙(x, 0) = z0(x). (2.4)
The aim of this note is to emphasize the exponential decay of solutions when the coefficient of the
relative velocity ξ∗ can be localized. We mean that ξ∗ is a non-negative function (which can be zero in
a part of the domain) but∫ π
0
ξ∗(x)dx > 0. (2.5)
This implies that the measure of the support of ξ∗ is positive.
To make the calculations easier and to clarify the essential parts of the analysis we assume that
ρ01 = ρ02 = 1.
3. Existence of solution
In this section we use the results of the semigroup of linear operators theory to obtain an existence
theorem.
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In what follows we assume that the internal energy density is a positive definite quadratic form. Then,
we assume the existence of a positive constant C such that
α1ux ux + 2β1uxwx + γ1wxwx ≥ C(ux ux + wxwx). (3.1)
We now transform the boundary initial value problem defined by the system (2.1) and (2.2), the initial
conditions (2.4) and the boundary conditions (2.3) into an abstract problem on a suitable Hilbert space.
If we introduce v = u˙, z = w˙, we denote
Z = W 1,20 × L2 × W 1,20 × L2 (3.2)
where W 1,20 and L
2 are the usual Sobolev spaces. This Hilbert space can be equipped with the inner
product
〈y1, y2〉Z = 12
∫ π
0
(v1v¯2 + z1 z¯2 + α1u1,x u¯2,x + β1(u1,xw¯2,x + w1,x u¯2,x) + γ1w1,xw¯2,x)dx, (3.3)
where
y1 = (u1, v1, w1, z1), y2 = (u2, v2, w2, z2). (3.4)
The problem can be reduced to
dy
dt
= Ay(t), y(0) = (u0, v0, w0, z0), (3.5)
where
A


u
v
w
z

 =


v
α1uxx + β1wxx − ξ∗(x)(v − z)
z
β1uxx + γ1wxx + ξ∗(x)(v − z)

 . (3.6)
It is worth noting that the domain of the operator is dense.
Lemma 3.1. The operatorA has the property
〈Ay, y〉 ≤ 0, (3.7)
for any y ∈ D.
Proof. Let y = (u, v,w, z) ∈ D. A use of the divergence theorem and the boundary conditions gives
Re〈Ay, y〉Z = Re
∫ π
0
(α1vx u¯x + β1(vx w¯x + zx u¯x) + γ1zxw¯x
+ (α1uxx + β1wxx − ξ∗(x)(v − z))v¯ + (β1uxx + γ1wxx + ξ∗(x)(v − z))z¯)dx
= −
∫ π
0
ξ∗(x)(v − z)(v¯ − z¯)dx . (3.8)
In view of the conditions on the function ξ∗ the lemma is proved. 
Lemma 3.2. The operatorA satisfies the condition
0 ∈ ρ(A). (3.9)
1384 R. Quintanilla / Applied Mathematics Letters 18 (2005) 1381–1388
Proof. Let y∗ = (u∗, v∗, w∗, z∗) ∈ Z . We must show that the equation
Ay = y∗, (3.10)
has a solution u = (u, v,w, z) ∈ D. If we take into account the operator A, then from (3.6) we find the
system
v = u∗, z = w∗, (3.11)
α1uxx + β1wxx − ξ∗(v − z) = v∗,
β1uxx + γ1wxx + ξ∗(v − z) = z∗.
Substituting the first two equations in the others, we obtain the following system with unknowns
(u, w):
α1uxx + β1wxx = ξ∗(u∗ − w∗) + v∗ : (3.12)
β1uxx + γ1wxx = −ξ∗(u∗ − w∗) + z∗. (3.13)
It easily follows from the standard result on elliptic systems that the system (3.12) and (3.13) has a
unique solution (u, w). Therefore, 0 ∈ ρ(A). 
Moreover, it can be easily seen that A−1 is compact in Z .
From the two previous lemmas we obtain the following result.
Theorem 3.1. The operatorA generates a semigroup of contractions in Z .
The proof follows from the above lemmas and the Lumer–Phillips corollary to the Hille–Yosida
theorem.
From Theorem 3.1, we obtain an existence and uniqueness theorem.
4. Exponential decay
In this section we prove that generically the solutions of the problem determined by the system (2.1)
and (2.2) with boundary conditions (2.3) and initial conditions (2.4) decay exponentially.
The first comment is that there are some cases where the solutions are not damped. Whenever
α1 = γ1, (4.1)
we may select initial conditions u0 = w0, v0 = z0. In this case the solutions are u = w and they
correspond to the solutions of the vibrating string
u¨ = (α1 + β1)uxx . (4.2)
It is worth noting that in the general case the condition (4.1) becomes
α1 + β1
ρ01
= γ1 + β1
ρ02
.
Thus, if we look for results concerning exponential stability we need to assume that equality (4.1)
does not hold. From now on in this paper we assume that equality (4.1) does not hold.
To prove the exponential stability it is sufficient to show that (see [16, p. 4])
{iω,ω is real} is contained in the resolvent of A, (4.3)
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and that
lim sup
|ω|→∞
‖(iωID −A)−1‖ < ∞. (4.4)
Lemma 4.1. The operatorA satisfies the condition (4.3).
Proof. If (4.3) is not true, there exists a real number ω with iω in the spectrum ofA. AsA−1 is compact
iω must be an eigenvalue of A. Thus, there exists a vector non-zero y = (u, v,w, z) in the domain of
the operator such that
(iωID −A)y = 0. (4.5)
This is
iωu − v = 0, (4.6)
iωv − α1uxx + ξ∗(x)v − β1wxx − ξ∗(x)z = 0, (4.7)
iωw − z = 0, (4.8)
iωz − β1uxx − ξ∗(x)v − γ1wxx + ξ∗(x)z = 0. (4.9)
Taking the inner product of (iωID −A)y with y in Z and then taking its real part yields∫ π
0
ξ∗(x)(v − z)(v¯ − z¯)dx = 0. (4.10)
It follows that
‖ξ∗(x)(v − z)‖2 ≤ sup |ξ∗(x)|
∫ π
0
ξ∗(x)(v − z)(v¯ − z¯)dx = 0. (4.11)
Thus
ξ∗(x)(v − z) = 0, (4.12)
for all x ∈ [0, π ].
Thus, our system of equations becomes
α1uxx + β1wxx = −ω2u, β1uxx + γ1wxx = −ω2v. (4.13)
In view of the boundary conditions we have that
ω = n
√
(α1 + γ1) ±
√
(α1 − γ1)2 + β21 , (4.14)
and the solutions would be of the type
u = A sin nx, w = B sin nx, (4.15)
where A 
= B because condition (4.1). Therefore, it follows that
0 = ξ∗(x)(v − z) = i(A − B)ξ∗(x) sin nx, (4.16)
for all x ∈ [0, π ], which contradicts the assumption that ξ∗(x) ≥ 0 and the measure of the support is
positive. 
Lemma 4.2. The operatorA satisfies the condition (4.4).
1386 R. Quintanilla / Applied Mathematics Letters 18 (2005) 1381–1388
Proof. If (4.4) is not true, then there exists a sequence ωn with ωn → ∞ and a sequence of elements
yn ∈ D with unit norm in Z such that
‖(iωnID −A)yn‖ → 0. (4.17)
This is
fn = iωnun − vn → 0 in W 1,2, (4.18)
gn = iωnvn − α1un,xx + ξ∗(x)vn − β1wn,xx − ξ∗(x)zn → 0 in L2, (4.19)
hn = iωnwn − zn → 0 in W 1,2, (4.20)
kn = iωn zn − β1un,xx − ξ∗(x)vn − γ1wn,xx + ξ∗(x)zn → 0 in L2. (4.21)
Taking the inner product of (iωnID −A)yn by yn, we obtain that
ξ∗(vn − zn) → 0 in L2, (4.22)
and then
ωnξ
∗(un − wn) → 0 in L2. (4.23)
We can obtain the equalities
−ω2nun − α1un,xx − β1wn,xx = gn + iωn fn − ξ∗(vn − zn) : (4.24)
−ω2nwn − β1un,xx − γ1wn,xx = hn + iωnkn + ξ∗(vn − zn). (4.25)
Let p(x) be an arbitrary real function. Taking the inner product of (4.24) with p(x)un,x and (4.25) with
p(x)wn,x in L2, and integrating by parts, we obtain that
px(α1〈un,x , un,x 〉 + β1(〈un,x , wn,x 〉 + 〈wn,x , un,x 〉) + γ1〈wn,x , wn,x 〉 + ω2n(|un|2 + |wn|2))
− p(π)(α1|un,x(π)|2 + 2Re β1un,x(π)w¯n,x(π) + γ1|wn,x(π)|2)
+ p(0)(α1|un,x(0)|2 + 2Re β1un,x(0)w¯n,x(0) + γ1|wn,x(0)|2)
= 2〈gn, pun,x〉 − 2〈iωn( fnq)x , un〉 + 2〈kn, pwn,x〉 − 2〈iωn(hn p)x , wn〉. (4.26)
Since un,x , wn,x , ωnun, ωnwn are bounded in L2 the right-hand side of (4.26) tends to zero. Taking
the functions p = x, (π − x), we deduce that
α1|un,x(π)|2 + 2Re β1un,x(π)w¯n,x(π) + γ1|wn,x(π)|2,
and
α1|un,x(0)|2 + 2Re β1un,x(0)w¯n,x(0) + γ1|wn,x(0)|2,
are two real strictly positive constants. We now take that
p(x) =
∫ x
0
ξ∗(τ )dτ, (4.27)
to obtain that
α1〈ξ∗un,x , un,x 〉 + β1(〈ξ∗un,x , wn,x 〉 + 〈ξ∗wn,x , un,x 〉)
+ γ1〈ξ∗wn,x , wn,x 〉 + 〈ξ∗ωnun, ωnun〉 + 〈ξ∗ωnwn, ωnwn〉 : (4.28)
tends to
(α1|un,x(π)|2 + 2Re β1un,x(π)w¯n,x(π) + γ1|wn,x(π)|2)
∫ π
0
a(x)dx > 0. (4.29)
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In what follows we prove that this is a contradiction. As α1γ1 − β21 > 0, we see that ω−1n un,xx and
ω−1n wn,xx are bounded. In view of (4.23), we see that
〈ξ∗un,x , un,x〉 − 〈ξ∗wn,x , un,x 〉 + 〈ξ∗x un, un,x 〉 − 〈ξ∗x wn, un,x 〉 → 0, (4.30)
and
〈ξ∗un,x , wn,x 〉 − 〈ξ∗wn,x , wn,x 〉 + 〈ξ∗x unwn,x 〉 − 〈ξ∗x wn, wn,x 〉 → 0. (4.31)
But, in view of (4.18) and (4.20), the sequence yn is bounded and because the sequence ωn tends to
infinity we see that
un, wn → 0, in L2. (4.32)
Then (4.30) and (4.31) become
〈ξ∗un,x , un,x〉 − 〈ξ∗wn,x , un,x 〉 → 0, 〈ξ∗un,x , wn,x 〉 − 〈ξ∗wn,x , wn,x 〉 → 0. (4.33)
We deduce that
〈ξ∗un,x , un,x〉 − 〈ξ∗wn,x , wn,x 〉 → 0. (4.34)
From (4.19) and (4.21) we also have that
ω−1n ξ∗((α1 + β1)un,xx − (β1 + γ1)wn,xx) → 0, in L2. (4.35)
It follows that
(α1 + β1)〈ξ∗un,x , un,x 〉 − (β1 + γ1)〈ξ∗wn,x , wn,x 〉 → 0. (4.36)
From (4.34) and (4.36) we see that 〈ξ∗un,x , un,x 〉, 〈ξ∗wn,x , wn,x 〉 tends to zero as n goes to infinity. We
now show that 〈ξ∗vn, vn〉, 〈ξ∗zn, zn〉 also tend to zero. We have that
i〈ξ∗vn, vn〉 →
〈
ξ∗vn,x
ωn
, α1un,x
〉
+
〈
ξ∗vn,x
ωn
, β1wn,x
〉
+
〈
ξ∗x vn
ωn
, α1un,x
〉
+
〈
ξ∗x vn
ωn
, β1wn,x
〉
, (4.37)
and
i〈ξ∗zn, zn〉 →
〈
ξ∗zn,x
ωn
, β1un,x
〉
+
〈
ξ∗zn,x
ωn
, γ1wn,x
〉
+
〈
ξ∗x zn
ωn
, β1un,x
〉
+
〈
ξ∗x vn
ωn
, γ1wn,x
〉
. (4.38)
The last two terms on the right of (4.37) and (4.38) tend to zero because ξ∗un,x , ξ∗wn,x tend to zero and
vn, zn are bounded. To prove that the two first terms also tend to zero we note that in view of (4.18) and
(4.20) and ξ∗un, ξ∗wn tending to zero in W 1,2 it also follows that ω−1n ξ∗vn, ω−1n ξ∗zn also tend to zero
in W 1,2. Then it turns out that (4.30) tends to zero, a contradiction. Thus, the proof is complete. 
Thus, we have proved the following result:
Theorem 4.1. Let y(t) = (u(t), v(t),w(t), z(t)) be a solution of the problem determined by the system
(2.1) and (2.2), the boundary conditions (2.3) and the initial conditions (2.4). Then, there exists two
positive constants M, c such that
‖y(t)‖ ≤ Me−ct‖y0‖, (4.39)
where y0 = (u0, v0, w0, z0).
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It is worth noting that in other theories of mixtures the system of equations which govern the evolution
of the material is
α1uxx + β1wxx − ξ(u − w) − ξ∗(u˙ − w˙) = ρ01 u¨, (4.40)
β1uxx + γ1wxx + ξ(u − w) + ξ∗(u˙ − w˙) = ρ02w¨. (4.41)
Our arguments can be extended easily to this situation whenever ξ ≥ 0.
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